Abstract. Let E # (X) be the subgroups of E(X) consisting of homotopy classes of self-homotopy equivalences that fix homotopy groups through the dimension of X and E * (X) be the subgroup of E(X) that fix homology groups for all dimension. In this paper, we establish some connections between the homotopy group of X and the subgroup E # (X) ∩ E * (X) of E(X). We also give some relations between π n (W ), as well as a generalized Gottlieb group G f n (W, X), and a subset M
Introduction and preliminaries
By a space, we mean a connected CW -complex of finite type. We mainly consider finite dimensional CW -complexes with base point. We begin this section with remarks about the set of all base point preserving continuous maps from a space X to a space W . This set of maps splits up into disjoint equivalence classes, called homotopy classes. We write [X, W ] for the set of all base point preserving homotopy classes of the maps from X to W ; by keeping X fixed and varying W , this set is an invariant of the homotopy type of W in the sense that it is determined by the homotopy equivalence of spaces: the set [X, W ] can often be endowed, in a natural way, with some algebraic structure, and we obtain exactly the algebraic invariant. Alternatively, we can keep W fixed and vary X: once again a homotopy invariant results. Let W be a CWcomplex of dimension N and E(W ) the group of homotopy classes of self-homotopy equivalences of W . In this paper, we give results about some subgroups of E(W ) and we will extend these results to more general cases.
We now review some standard material that we will use. A cofibration sequence 
The following properties of this action are mentioned on p. 174 of Hilton [6] :
If α, β ∈ [ΣZ, W ], then (f α ) β = f (α+β) . We are interested in the effect that f α has on homology and homotopy groups. This is described in the following results by Proposition 2.1 of [1] . (1) The induced homology homomorphism (f α ) * :
for each x ∈ π i (X).
We now specialize to a mapping cone sequence of the form
i.e. X = Y ∪ γ e n . Then we have an action of π n (W ) on [X, W ]. We will consider elements of the form f α ∈ [X, W ] for f ∈ [X, W ] and α ∈ π n (W ). Let X be a CW -complex of dimension N and E(X) the group of homotopy classes of self-equivalences of X. If we consider elements of the form ι α ∈ [X, X] for the identity map ι of X and α ∈ π n (X), these are not self-homotopy equivalences in general.
In [1] , Arkowitz, Lupton and Murillo studied the subgroup E # (X) and E * (X) of E(X) as follows (cf. Dror and Zabrodsky [4] ; Maruyama [8] and [9] ):
Maruyama [10] introduces a subset of [X, W ] as follows:
as two special subsets in [X, X], we can give some definitions which generalize them and which we will study in the next section.
where 0 denotes the constant map.
Recall the n'th Gottlieb group [5] of π n (W ), denoted by G n (W ), consists of those α ∈ π n (W ) for which there is an associated map F : W ×S n → W such that the following diagram is homotopy commutative:
Gottlieb groups and subgroups of self-homotopy equivalences
It was shown in Theorem 2.3 of [1] that there is a homomorphism between the Gottlieb group of X and E # (X) and E * (X) as follows.
where h n : π n (X) → H n (X) denotes the Hurewicz homomorphism.
For the map θ : π n (X) → [X, X] given by θ(α) = ι α for α ∈ π n (X) and the group E # (X) ⊂ [X, X], this theorem gives a condition to be G n (X) ⊂ θ −1 (E # (X)). The objects of this section is to find conditions such that π n (X) ⊂ θ −1 (E # (X)) and
First we will find some conditions for θ to be a homomorphism from the homotopy group π n (X) to E # (X). Consider the cofibration sequence
Proof. First we prove that j :
For n ≥ 1, the Whitehead's Γ-group Γ n (X) is defined by the following image group
where j :
Then we have the following commutative diagram:
where n ≥ 2. The row in the above diagram is the exact sequence of J. H. C. Whitehead (see [3] ). Then we see that j :
We remark that X is a 1-connected n-dimensional complex by the assumption. Hence by Proposition 1.1 (1), we have ι α ∈ E * (X) for any element α of π n (X).
Let c : X → X ∨ S n be the co-action and i 1 : X → X ∨ S n be the inclusion map to the first factor. Then we have
Let ι : X → X be the identity map. It follows that for any element δ ∈ π k (X) for k ≤ n, there exists an element β ∈ π k (Y ) such that j (β) = δ by the discussion above. Therefore we have
Thus θ(α) ∈ E # (X). Suppose that α and β are two elements in π n (X). We remark that (ι α ) (β) = β since ι α = θ(α) ∈ E # (X) as is shown above. It follows that
by the formulas f α+β = (f α ) β and (hf ) hα = h(f ) α . This completes the proof.
P. J. Kahn [7] has proved the following:
Theorem 2.3. Let X be a homotopy type of the mapping cone of a map γ :
where R is given by restriction to Y .
We will slightly extend above theorem. 
where R is given by restriction to Y . [13] (cf. also Lemmas 2.7, 2.8 and 2.9 of [12] ), we have the following exact sequence:
Proof. By Corollary 3.2.2 of Rutter
where [X, X] 1 X and [Y, X] j show that 1 X and j are base points of each homotopy sets. By Theorem 2.2, the image of θ is contained E # (X) because the Hurewicz map h n = 0 : π n (X) → H n (X) by the assumption that π n (X) is a finite group. Next we show that the image of R (= j * ) is contained in E # (Y ). Consider the following commutative diagram
Since j is injective, we have α = R(f ) (α) for any k ≤ dim Y . Then the exactness of the sequence is obtained by the exact sequence of Rutter.
Hence if we use the above Theorem and [7, Lemma 4], we have the following
Proof. If we consider the following exact sequence
from the above theorem, it is sufficient to show that the image of R is trivial. It will be proved by the same method of [2, Proposition 6.1] that the kernel of R is E # (X).
Next we will show a condition that there exists a morphism
Recall the generalized Gottlieb group [16] of π n (W ), denoted by G f n (W, X), consists of those α ∈ π n (W ) for which there is an associated map F : X ×S n → W such that the following diagram is homotopy commutative:
this group is a generalization of Gottlieb group and it is clear that
By the new notations and Proposition 1.1, we have the following:
Then the following results hold.
(
Here we want to show a condition for π n (W ) to be contained in
which is defined by Θ(α) = f α for any α ∈ π n (W ). This morphism restricts to
Proof. By Blaker-Massey Theorem (7.12) on p. 368 (Chapter VII) of [15] , we see that
is an isomorphism when Y is 1-connected. We consider the long homotopy exact sequence
and p is an isomorphism, we see that k = 0 : π n (X) → π n (X, Y ) and hence j : π n (Y ) → π n (X) is surjective and hence j :
Hence for any element δ ∈ π i (X) for i ≤ dim W ≤ n, there exists an element β ∈ π i (Y ) such that j (β) = δ. Let c : X → X ∨ S n be the co-action and i 1 : X → X ∨ S n be the inclusion map to the first factor. Then as in the proof of Theorem 2.2 we have
Hence we have 
is surjective as is shown in the proof of Theorem 2.5, and hence we see that i n : Γ n (X) → π n (X) is surjective by the assumption that X n−1 = Y . It follows that the Hurewicz homomorphism h n = 0 : π n (X) → H n (X), and hence Theorem 2.2 implies the result.
X). This morphism restricts to
The function ζ defined above satisfies ζ(α)ζ(β) = 0 for any α, β ∈ π n (X).
Proof. By Proposition 2.6 of [11] , we see that ζ(α) = 0 α = * + α = q * (α) = αq . Then the result follows by putting X = W in Theorem 2.5.
Arkowitz, Lupton and Murillo [1] showed a space X with the homomorphism θ : G n (X) = 0 → E # (X) but they didn't show that the homomorphism is nontrivial. Next theorem gives a condition for X which does not have a nontrivial homomorphism given by θ(α) = ι α .
Proof. Let S n−1 → Y → X q → ΣS n−1 = S n be the mapping cone sequence for X = Y ∪ γ e n . For any α ∈ G n (X), we have ι α ∈ E # (X) if and only if α q = 0 : π i (X) → π i (X) for i ≤ n by Corollary 2.2 (2) of [1] . Let s ∈ π n (X) be a right homotopy inverse of q. Then for ι S n ∈ π n (S n ), we have
given by θ(α) = ι α is a welldefined homomorphism and nontrivial, then G n (X) = 0 and consequently the map q : X → S n does not have a right homotopy inverse.
The following example has been considered in [1] , but here we extend the domain from G n (X) to π n (X) and reduce the codomain from E # (X) to E * (X) ∩ E # (X). 4 and hence X satisfies all the hypothesis in Theorem 2.2. Therefore we have a homomorphism 5 and F q be the homotopy fibre of q : X → S 5 . Since G 5 (X) is nontrivial, G 4 (F q ) is nontrivial by Theorem 2.6. Because if G 4 (F q ) = 0, the map q : X → S 5 has a right homotopy inverse (see [5, Corollary 2.7] ).
CoGottlieb groups and a subgroup of self-homotopy equivalences
→ X × ΩZ be the composite map of the maps f ∈ [W, X] and α ∈ [W, ΩZ]. A map f : W → X is said to be cocyclic [14] if there exists a map Φ : W → W ∨ X such that the following diagram is homotopy commutative.
We denote by H n (X; G) the cohomology group of X with coefficient group G, and we simply write H n (X) = H n (X; Z) for the integral cohomology group of X. Definition 3.1. G n (X) = {α ∈ H n (X) | α is cocyclic} is said to be a coGottlieb group. 
Remark. We will use the same notation f α for the composite maps f α = µ(f × α)∆ and the f α used in the previous sections, for the convenience, because we can easily distinguish them. (
Proof. The first is clear, so we will prove the second case: (2) We have the following relation
by using the following homotopy commutative diagram:
. Then the following formulas hold for any i > 0.
(1) The induced homotopy homomorphism f α :
for any x ∈ H i (X; G) and any abelian group G.
Proof.
(1) Consider the following diagram:
The right-most triangle commutes since µ|X × { * } 1 X and µ|{ * } × ΩZ q (cf. [11, Proposition 3.4 (2)]). The fact that the other two parts of the diagram commute is obvious. By definition, the composite of the homomorphisms on the top line is the homomorphism induced by f α . The other way to go around the diagram gives the desired formula.
(2) By definition, (f α ) * (x) is represented by
On the other hand, by definition of the sum of cohomology classes in
where j : X∨ΩZ → X×ΩZ is the natural inclusion. The second part follows from the fact that the following two maps are homotopic:
where N is the homotopical dimension of X denoted by h-dim X. One use this subgroup instead of requiring f * = 1 for all i because only the present subgroup is nilpotent and commutes with the rationalization operation when X has finite h-dim X.
Let
Corollary 3.1. Let X be the homotopy fibre of a map γ :
Proof. (1) is obtained by Theorem 3.1 (1).
(2) By Theorem 3.1 (2), we see that the condition ι α ∈ E * (X) implies α * q * = 0 :
To prove the converse, we consider two cases separately: The case N < n : Consider the following composite of homomorphisms.
Since π i (X) = 0 for any i > N , we see that q α = 0 : π i (X) → π i (X) for any i > 0. Then (ι α ) # = id : π i (X) → π i (X) for any i > 0 by Theorem 3.1 (1) and hence (ι α ) # is a homotopy equivalence. The case N ≥ n : By the assumption we see
and hence (ι α ) * (x) = x for any x ∈ H n (X) by Theorem 3.1 (2) . It follows that
by Lemma 3.1. Hence ι α is a homotopy equivalence.
Proof. The condition q * = 0 :
It follows that ι α ∈ E * (X) by Corollary 3.1. Let α, β ∈ G n (X) be any elements. We see
Therefore θ is a homomorphism.
We define a map
Then there is a homomorphism
given by θ (α) = ι α . 
Proof. Let α be an element of Ker (DH). Then
Proof. Suppose that θ : G n (X) → E * (X) given by θ(α) = ι α is a well-defined homomorphism. Then for any α ∈ G n (X), we see α * q * = 0 :
Therefore G n (X) is trivial. To work rationally, one has to define DH Q instead of DH and one needs the following rational version of Corollary 3.1.
We now assume that all the spaces are 1-connected rational spaces. We define DH Q : H n (X; Q) −→ Hom (π n (X), Q)
by DH Q (x) = x : π n (X) → π n (K(Q, n)) for any x ∈ H n (X; Q) = [X, K(Q, n)]. Moreover we define
for any i ≤ N = h-dim (X) }. Proof. The Lemma is a direct consequence of the "Wang" sequence of the given fibration. The original Wang sequence is an infinite long exact sequence and applies only to fibrations with sphere as a base space. A usual argument using the Serre spectral sequence gives a part of Wang sequence which is enough for our purpose. Proof. By Lemma 3.2, we see that q * = 0 : H n (X; Q) → H n (K (Q, n) ; Q). Since K(Q, n) S n Q when n ≡ 1 (mod 2), we see that q * = 0 : H i (X; Q) → H i (K(Q, n); Q) for any i > 0. Hence by Theorem 3.1 (2), we have ι α ∈ E * Q (X) for any α ∈ G n Q (X). If α ∈ Ker {DH Q : H n (X; Q) → Hom (π n (X), Q)}, then we see that q α = 0 : π n (X) −→ π n (K(Q, n)) −→ π n (X), and hence ι α ∈ E #∞ (X) by Theorem 3.1 (1) .
